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I liave been thinking about extending Forms into three or more dimensions for a few years now and 
have so far only inflicted my thoughts on the National Puzzlers' League and G4G participants. Sadly, it 
has become time to end this journal's readership's bliss and begin to bloviate here. 
You have my sympathy. 
The first thing I need to discuss is changing the standard meaning of the terms "single" and "double" 
with respect to forms. As currently used, a single form has one set of words that go across and down, 
and a double form has two. This works well enough in two dimensions and extends to three in a fairly 
obvious manner, but it breaks down in four. The problem is that a Double Tesseract (a Tesseract that 
has two sets of words) is not a well-defined shape: tliere are two possible ways of creating Double 
Tesseracts, either with two sets of words each running in two dimensions, or a set of words running in 
three and another set that runs in one only. For example (imagine the Squares stacked on top of each 
other left-to-right to form Cubes, and the Cubes stacked on top of each other top-to-bottom to form a 
Tesseract): 
Double2,~ Tesseract 
FOG ACE ATE 
OBI CAR THE 
GIG ERA EEL 
ACE NAP DNA 
CAR ALI NAG 
ERA PIP AGE 
ATE DNA OTT 
THE NAG TWO 
EEL AGE TON 
Double3, 1 Tesseract 
CAT AH1 TIC 
AH1 HAD IDA 
TIC IDA CAB 
ABA BAN ANA 
BAN AGO NOR 
ANA NOR ARM 
LOG OWN GNP 
OWN WEE NEE 
GNP NEE PEW 
The left Tesseract has the words Across and Down each Square the same, and the words that go 
Through and Hyperthrough the same (for example, the F in the upper-left begins the word FOG Across 
and Down, but the word FAA Through and Hyperthrough). The right Tesseract, on the other hand, has 
tlie same words in three directions (Across, Down, and Through) and different words in the 
Hyperthrough direction (for example, CAT running in three directions starting in the upper left, but 
CAL running in the Hyperthrough direction). Note that all these shapes can be rotated so the words can 
run in any set of dimensions you want; I find these pairings convenient, but the D o ~ b l e ~ , ~  Tesseract 
could, for example, just as easily have been written as having one set of words Across and 
Hyperthrough and the second set Down and Through. Performing that rotation is left as an exercise for 
the reader. 
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The careful Reader has no doubt already deduced that I am fixing this problem by adding a 
disambiguating subscript to the word "Double" to indicate how many directions the words run in 
(unless the Reader is a member of the National Puzzlers' League, in which case he is most likely 
pondering the question "How many times is Jabberwock planning on recycling his one tired idea that 
nobody cares about?" The answer, friend, is "Clearly, at least once more.") 
Before I detail the subscripts, I need to redefine "Single" and "Double" from affecting words to 
reflecting letters. Rather than defining a Single Square as one with one set of words running across and 
down, I need it to mean that the two coordinates that define the position in the Square are grouped such 
that all positions with coordinates that permute to each other must have the same letter. So a Single 5- 
Square has a structure: 
All cells with the same number must have the same letter in them; thus 7, for example, represents all 
positions with the coordinates (2,3) in any order. It is clear to see that the same words must run across 
and down because of symmetry. (Note that there is no restriction on the same letter appearing for 
multiple numbers; the letter E (say) could appear as both 7 and 10). 
When we move up to Cubes there are three possible types: Single, Double, or Triple. Single and Triple 
have obvious meaning in my notation, but Double is more subtle. A Double Cube (which has one set 
of words going in two directions and another set in one) is formed by grouping the coordinates into two 
sets, one with two coordinates and one with one. Any cells in which the groups match, allowing 
permutations within the groups, must have the same letter. Thus, if we group the Across 0/) and Down 
(x) coordinates together, and leave the Through (2) coordinate separate, we end up with a Cube that 
looks like: 
1 2 3  7 8 9  13 14 15 
2 4 5  8  10 11 14 16 17 
3 5 6  9  11 12 15 17 18 
The positions (2, y, x) of (1,2,3) and (1,3,2) must have the same letter (5 in this example), but position 
(3,1,2) may have a different letter (14 in this example). You can compare this to the map of a Single 3- 
Cube: 
1 2 3  2 4 5  3 5 6  
2  4  5 4 7 8  5 8 9  
3 5 6  5 8 9  6  9  10 
ill which all three coordinates share the same group, so all cells with coordinates that are permutations 
of (1,2,3) have -the number 5. 
The numbers in the subscripts to the word "Double" above indicates how many dimensions are in each 
coordinate group. Since the order is irrelevant, the numbers are always written in decreasing order. 
Thus, a D ~ u b l e ~ , ~  Tesseract has two groups of coordinates, each spanning two dimensions. The 
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D o ~ b l e ~ , ~  Tesseract has two groups of coordinates, one of which spans three dimensions, the other 
spans one. Because of symmetry, you get as many sets of words as you have groups of coordinates, 
with each word going in as many directions as its group has dimensions. 
It is possible, though unnecessary, to subscript all instances of Single, Double, etc., even where not 
needed for disambiguation; thus Tesseracts can appear as Single4, Double3,], D ~ u b l e ~ , ~ ,  T r i ~ l e ~ , ~ , ~ ,  or 
Q~adruplel,l,l,~. Note .that a Single form always has its coordinates partitioned into one group, a Double 
is always partitioned into two, etc. 
By considering the individual letters, instead of words, as being linked it becomes possible to build 
solid forms in non-cubical shapes that are surprisingly elegant. Joseph DeVincentis suggested the 
cuboctahedron as a likely shape to use for solid forms-it offers a nice packing of reasonably long 
words. For example: 
P ARG ARERE PREPARE GRATE ERE E 
ARG ONEOK ANEMONE REMODEL GOODALL KNELT ELL 
ARERE ANEMONE REFUSAL EMULATE ROSALIA ENATION ELEAN 
PREPARE REMODEL EMULATE POLEMIC ADAMANT RETINUE ELECTED 
GRATE GOODALL ROSALIA ADAMANT TALAYOT ELINORE LATTE 
ERE KNELT ENATION RETINUE ELINORE TOURS NEE 
E ELL ELEAN ELECTED LATTE NEE D 
The Through words all appear as Across and Down words as well; note, for example, that the middle P 
in PREPARE oil the top layer begins the word POLEMIC going through. This falls out from the 
symmetry rules-it's really quite elegant I think. 
Now that we have well-established rules for extending forms to higher dimensions, the question (first 
asked of me by Ravi Vakil) "so how high can you go?" leaps to mind. The answer is "higher than is 
interesting." English has a huge number of three and four letter words, acronyms, and abbreviations- 
it is possible to construct a form of almost any dimensionality you like, but it will have short words and 
not be particularly interesting. It certainly makes for a lousy puzzle because of all the repetitions. For 
example, the Single Cube 
R A V I  A M I R  V I N A  I R A N  
A M I R  M A B A  I B A D  R A D A  
V I N A  I B A D  N A A M  A D M I  
I R A N  R A D A  A D M I  N A I A  
can be extended into a Single 4-Dekeract (a 10-dimensional hypercube of order 4) that is composed of 
the following 220 words and abbreviations: 
RAVI IBAD AAAL AARP AAAS ASEA FRAU AAHS SIDE RHET AERA SGML RICE 
AMIR RADA BAAE AFFA AANI FDRY AYUS AHIR DCHE YETA UTAH AAUP ICED 
VINA NAAM ALEA MPAA LSIS PRYS ASSE SSRI REED SDAK SAHO HUAI CLAR 
IRAN ADMI AAFP IRAS ANDR RESH SHED NICE EDDO HOKA EKOI SPIC ECRU 
MABA NAIA DEPR APSE EIRE PAHA EADS IRED AEON ANAG DAIM IALC DEUT 
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EDTA 
HABU 
ERUC 
DUCO 
OTOS 
NASA 
EBEN 
TUNE 
ACER 
KORE 
ASEM 
GAMA 
READ 
ANDA 
HE A F  
ORFE 
I E E E  
MMES 
LASA 
AARE 
URDE 
PEEL 
ADA1 
I E I E  
CLEA 
L A I R  
C I R R  
EERY 
DAYS 
AION 
RRNA 
UR AL 
T Y L I  
A S I A  
BOB0 
m o p  
CAPE 
OLEA 
S IAM 
AAMC 
EBON 
NONI 
E P I C  
RECR 
EARP 
MMP I 
ACID 
AONE 
DNET 
A I T S  
FCST 
ERTH 
EPHA 
S I A L  
ADLE 
AAUW 
RUER 
EWRY 
DECA 
ERAL 
LYLY 
A C I S  
I A S  I 
E L I A  
AYAH 
I I W I  
R S I S  
R I S P  
YAPS 
SHSH 
OWED 
N I D I  
AS I N  
L P N s  
I S S A  
AHAU 
BEDA 
ODAS 
P I S T  
ENTO 
ASOR 
MARL 
CULM 
ODES 
NASE 
I S E S  
CTSS 
ROSE 
PREK 
ILKA 
DMAS 
NE AP 
ESPN 
TENG 
SSGT 
TSTM 
HEMA 
AKAL 
LALO 
ESOP 
ABEY 
UELE 
WYES 
ELAT 
RETE 
YSER 
CALK 
ATKA 
LEAL 
YRLY 
I L E A  
S KAG 
IAGO 
ALOP 
HYPE 
WEDE 
IAEA 
SGAD 
POD0 
SPOR 
HERD 
EDEN 
DENT 
IATA 
NDAK 
SOKE 
AREA 
UDAL 
DEBT 
ANTE 
S T E T  
TATE 
OKEY 
REYN 
LAND 
MLDR 
EBRO 
STOL 
EELY 
STYE 
SEEN 
EYNE 
KNEE 
ADEN 
SRNA 
ARNO 
POOR 
NLRB 
GYBE 
TEET 
MNTN 
AEND 
LEDA 
ONAN 
PANE 
It is possible to represent a Tesseract on a single sheet of paper (Through going across the Squares, 
Hyperthrough going down the Squares). You can then pile a stack of them to represent a new 
dimension (HyperHyperthrough the Penteract), and then have more stacks on other tables, in other 
rooms, on other floors, in other buildings, etc, for other directions. This rather small 10-dimensional 
form will require 4096 sheets of paper to hold all the Tesseracts that comprise it. Because of symmetry, 
almost every word, every Square, every Cube, etc., will appear many many times over; I cannot 
imagine anyone being interested enough to actually try to physically construct this (though I have made 
a pdf file available at l~ttp:llwiww.n~adl~ouse.us/-roimieli~pllRaviDekeract.pdf if you would like to try). 
To give a sense of exactly how much duplication is present in a Single Dekeract, consider that there are 
4'' (1,048,576) unique words and unique letters possible in a Decuple 4-Dekeract (a Dekeract with 4- 
letter words that are unique in each direction). A Single 4-Dekeract has 220 unique words and 286 
unique letters; 99.979% of the words, and 99.973% of all letters, are duplicates. 
The number of unique letters and unique words are fairly easily computed. The following equations 
are all in terms of the order R of the form (the length of the words that comprise it): 
Square Form (of order R) 1 Number of unique letters 1 Number of unique words I 
Point (0-dimensional) 
--
1 undefined 
- -- 
rsinglel Line R I 
I - - -- R(R+ l ) / 2  R I , Single2 Square 
D o ~ b l e ~ , ~  Square 
Single3 Cube 
1 Double2,~ Cube R2(R+  1)12 R ( R + 3 ) / 2  ~ 
1 Trip1el,131 Cube 
1 Single4 Tesseract 
1 Doubleal Tesseract R2(R + 1)(R + 2) 16  R(R + 1)(2R + 1) 13  1 
! 
D ~ u b l e ~ , ~  Tesseract 
Triple2,1,1 Tesseract 
I Quadr~p le~ ,~ ,~ , l  Tesseract -h!!‘ l  
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Note that as nice as it would be for the number of unique words to just be the first derivative of the 
number of unique letters (which does hold for some cases), it seems to be just a coincidence; the 
derivative of R(R + 1) / 2 (the letters in a Single Square), for example, is R + %, not R. 
There are four simple formulae from which the number of letters or words can be computed for any 
square form. L(x) means the number of unique letters for grouping x; W(x) is the number of unique 
words, all in terms of R, the order of the form. The variable n stands for a group with only one member 
(a Single form), any other variable represents a group of an arbitrary number of (comma-separated) 
members. 
L(n)=L(n- l ) (R+n-  1 ) I n  [equation 11 
W(n)=W(n- l ) ( R + n - 2 ) / ( n -  1) [equation 21 
L(x,Y) = L(x)L(Y) [equation 31 
W(X,Y> = W(X)L(Y) + L(X)W(Y ) [equation 41 
Note that the last two rules handle an arbitrary number of groups elegantly: 
So we can compute the number of unique words and letters in a Q ~ i n t u p l e ~ , ~ , ~ , l , l  5-Dekeract thus: 
L(4,3,1,1,1) = L(4)L(3)L(l)L(l)L(l) [by equation 31 
L(0) = 1 [given by first line of table] 
L(l) = L(0)(5 + 1 - 1) / 1 = 5 [by equation 1 and result of L(O)] 
L(2) =L(1)(5 + 2 -  l ) / 2  = 15 [by equation 1 and result of L(l)] 
L(3) = L(2)(5 + 3 - 1) / 3 = 35 [by equation 1 and result of L(2)] 
L(4) = L(3)(5 + 4 - 1) / 4 = 70 [by equation 1 and result of L(3)] 
so L(4,3,1,1,1) = 70 * 35 * 5 * 5 * 5 = 306,250 [substituting for L(4), L(3), and L(l)] 
W(4,3,1,1,1) = W(4)L(3)L(l)L(l)L(l) + L(4)W(3)L(l)L(l)L(l) + L(4)L(3)W(l)L(l)L(l) + 
L(4)L(3)L(l)W(l)L(l) + L(4)L(3)L(l)L(l)W(l) [by equation 41 
W(l) = 1 [given by secoiid line of table] 
W(2) = W(1)(5 + 2 - 2) / (2 - 1) = 5 [by equation 2 and result of W(l)] 
W(3) = W(2)(5 + 3 - 2 ) / ( 3  - 1) = 15 [by equation 2 and result of W(2)] 
W(4) = W(3)(5 + 4 -2) / ( 4  - 1) = 35 [by equation 2 and result of W(3)] 
s o W ( 4 , 3 , 1 , 1 , 1 ) = 3 5 * 3 5 * 5 * 5 * 5 + 7 0 *  1 5 * 5 * 5 * 5 + 7 0 * 3 5 *  1 * 5 * 5 +  
7 0 * 3 5  * 5 * 1 * 5 + 7 0 * 3 5 * 5 * 5 * 1 = 4 6 8 , 1 2 5  
So the Q u i n t ~ p l e ~ , ~ , ~ , l , l  5-Dekeract has 306,250 unique letters, forming themselves into 468,125 unique 
words. 
Note that the similarity of the numbers of words and letters is not a coincidence-all Single Square 
forms have the same number of unique words as the Single Square of one smaller dimension had 
unique letters (note the equations in the table for the number of words in a Single Cube versus the 
equation for the number of letters in a Single Square). 
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